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Abstract. Let M be a symplectic manifold, equipped with a 
semifree symplectic circle action with a finite, nonempty fixed point 
set. We show that the circle action must be Hamiltonian, and M 
must have the equivariant cohomology and Chern classes of (P 1 )™. 



1. Introduction 

Let (M 2n ,u) be a compact, connected symplectic manifold of dimen- 
sion 2n. A circle action on M is symplectic if it preserves the symplec- 
tic form; that is, if its generating vector field X satisfies Lx^j = dix^J = 
0. A particular case is that of a Hamiltonian circle action, where ix^J 
is exact; in this case ixOJ = dp, where /i G C°°(M) is the moment 
map. A great deal is known about Hamiltonian actions. For exam- 
ple, the quantization and the push-forward measure are determined by 
fixed point data, and other manifold invariants such as cohomology and 
Chern classes are constrained by this information. 

A Hamiltonian circle action on a compact manifold must have fixed 
points (one way to see this is that the minimum of the moment map 
must be a fixed point). In the case of a Kahler manifold QFJ, or of a 
four-dimensional symplectic manifold flM| , the existence of a fixed point 
guarantees that a symplectic circle action must in fact be Hamiltonian. 
This is not true in higher dimensions: McDuff [0] has constructed a 
symplectic six-manifold with a symplectic circle action which has fixed 
points, but is not Hamiltonian. In this example the fixed point sets are 
tori; and there are no known examples of symplectic, non-Hamiltonian 
circle actions with isolated fixed points. A natural question is whether 
any such examples can exist. 

In this paper we focus on the case of semi-free circle actions, and 
show that any semi- free, symplectic circle action with isolated fixed 
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points is Hamiltonian if and only if it has a fixed point. Recall that an 
action of a group G on a manifold M is semi-free if the action is free 
on M \ M G .[| Our main result is the following. 

Theorem 1. Let (M 2n ,uj) be a compact, connected symplectic man- 
ifold, equipped with a semifree, symplectic circle action with isolated 
fixed points. Then if M s is nonempty, the circle action must be Hamil- 
tonian. 

We prove this in Section 3 by an argument using integration in equi- 
variant cohomology. 

Theorem 1 brings us to the realm of Hamiltonian circle actions. 
Though a great deal is known about these, the general classification 
problem for Hamiltonian S 1 spaces remains open. However, they have 
been classified in dimensions 2 and 4. In particular, up to symplec- 
tomorphism, P 1 is the only two dimensional example, and (-P 1 ) 2 is 
the only four dimensional symplectic manifold with a semi-free Hamil- 
tonian circle action with isolated fixed points. In higher dimensions, 
much less is known: in the semi-free case with isolated fixed points, 
the only example we know of is (P 1 )", equipped with the diagonal cir- 
cle action. As it turns out, the classical manifold invariants — that is, 
cohomology and Chern classes — of any such space must concord with 
those of (P 1 )™^ Specifically, we prove the following theorem, which is 
an equivariant version of Theorem |1.2j below, due to Hattori |E[] . 

Theorem 2. Let (M,u) be a compact, connected symplectic manifold, 
equipped with a semifree, Hamiltonian circle action with isolated fixed 
points. Let i : M s± — ► M, j : (P 1 )™ 5 ' — ► (P l ) n denote the natural 
inclusions of the fixed point sets of M and (P 1 )™, respectively. 

There exists a map from M s to ((P 1 ) n ) s which identifies the im- 
ages ofi* : H* S1 (M,Z) — ► H* S1 (M S \Z) and j* : H* sl ((P l ) n ,Z) — ► 
H^ 1 (((P 1 ) n ) s , Z). This map sends the images of the equivariant Chern 
classes of M to those of (P 1 )™. 

For any compact symplectic manifold M with a Hamiltonian circle 
action, a theorem of Kirwan |KJ] states that the natural inclusion map 
i : M sl — > M of the fixed set M sl into M induces an injection 
i* : H* gl (M, Q) — ► H* S1 (M S \Q) = H* 1 (M S \Q)®H*(BS 1 ,Q). In the 
case of a circle action with isolated fixed points, this injectivity theorem 

1 An action of a group G on a manifold M is quasi- free if the stabilizers of points 
are connected; in the case G = S 1 this is the same as the action being semi-free. 

2 The condition that the fixed points be isolated implies the manifold is simply 
connected. 
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holds for integral cohomology as well (see | TW|| ). Thus Theorem has 
the following corollaries: 

Theorem 1.1. There is an isomorphism between H* sl (M, Z) and Hg 1 ((P 1 ) n , Z) 
which takes the equivariant Chern classes of M to the equivariant 
Chern classes of (P 1 )™ . 

Thus the equivariant cohomology ring is given by (M, Z) = 
Z[ai, . . . ,a n ,y]/(aiy — af), and the equivariant Chern series c t {M) = 
X^Ci(M) is given by 

c t (M) = H(l+t(2a i -y)). 

i 

Theorem 1.2. (Hattori [H^ There is an isomorphism between H*(M, Z) 
and iJ*((P 1 ) n ,Z) which takes the Chern classes of M to the Chern 
classes of (P 1 )™. 

Thus, the cohomology ring is given by H*(M, Z) = Z[ai, . . . , a n ]/(a?), 
and the Chern series is given by 

Ct{M) = JJ(l + t2oi). 

i 

Remark 1.3. In dimension 6, M must be diffeomorphic to (P 1 ) 3 . This 



follows by a theorem of Wall [|W| since M is a simply connected sym- 
plectic manifold with the cohomology ring and Chern classes of (P 1 ) 3 . 

The basic idea underlying the proof of Theorem 2 is the use of Morse 
theory and integration in equivariant cohomology to obtain a good 
picture of the cohomology ring of the manifold in terms of the fixed 
point set. This argument is given in Section 4. 

Our final result shows that the reduced spaces of any semifree Hamil- 
tonian S^-space with isolated fixed points have the cohomology rings 
and Chern classes of the reduced spaces of (P 1 )". This corollary of 



Theorem 2 and of the results of [TW] is stated in Section 5 (Corollary 
!)• 

2. Equivariant Cohomology 

In this section we review equivariant cohomology. The integration 
formula (Proposition |2.1|) is the main technical tool in this paper, and 
will occur repeatedly. 

Let ES 1 denote a contractible space on which S 1 acts freely. Let 
BS 1 = ES 1 /S 1 , and note that H*(BS 1 , Z) is the polynomial ring in a 
single generator x G H 2 (BS l , Z). 
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If S 1 acts on a manifold M, define H* gl {M, Z) = H*(M x s i ES\ Z). 
In particular, if P is a point, Hg 1 (P,Z) is naturally isomorphic to 
H* (BS 1 , Z) ; we will slightly abuse notation by identifying these. 

The projection p : M x S i ES 1 — > BS 1 induces a pull-back map 
H*(BS\Z) — ► H* 1 (M, Z); this makes H* S1 (M,Z) into a H*(BS l ,Z) 
module. The projection p also induces a push forward map : Hg X (M, Z) 
H*(BS 1 , Z) given by "integration over the fibre"; we will usually de- 
note by the symbol j M . When M is compact and the fixed points 
are isolated, this has the following expression: 

Proposition 2.1. Let M be a compact manifold equipped with an ac- 
tion of S 1 with isolated fixed points. Let a G (M, Z) . Then as 
elements ofQ(x), 

Ecu If 

where the sum is taken over all fixed points F, v{F) is the normal 
bundle to F and e(z/p) is the equivariant Euler class of this bundle. 

The right hand side of this equation is particularly simple in the case 
where M has an invariant almost complex structure. The computation 
of the Chern classes of vp is then given by the following lemma. 

Lemma 2.2. Let E be a a representation of S 1 , considered as complex 
S 1 - equivariant vector bundle over a point P. The representation E 
decomposes as a direct sum E = Q)Ei(wi), where Ei(wi) is a complex 
line on which the circle acts with weight Wi. The equivariant Chern 
series c t (E) = J2i^ c i(^) ^ s given by 



Ct(E) = Y[(l + tWix), 



where x is the generator of H^i (P, Z) . 

In particular, the Euler class of a representation is x n times the 
product of the weights of the circle action, and the first Chern class is 
x times the sum of the weights. 

3. Existence of the Moment Map: Proof of Theorem [l] 

In this section, we prove Theorem [I]. We do this by applying the 
integration formula of Proposition [2.1| to the characteristic classes of 
our manifold to prove that if the manifold has any fixed points, then it 
has a fixed point with no negative weights. The following argument of 



McDuff 0] then shows that this implies that the action is Hamiltonian. 

First, the symplectic form can be deformed to a rational invari- 
ant symplectic form. Furthermore, a symplectic manifold equipped 
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with a symplectic circle action can be given a compatible invariant 
almost-complex structure. Although this almost-complex structure is 
not unique, both the Chern classes and the weights at every fixed point 
are well-defined. By Lemma |3.1| below, if M has any fixed points it has 
a fixed point F with no negative weights. 

In the case of a manifold with an invariant rational symplectic form, 
the circle action will possess a circle valued moment-map. Since the 
fixed point F is a local minimum for this circle-valued moment map, 
it must lift to a real- valued moment map. This real- valued moment 
map is a Morse function with only even index critical points, so our 
manifold is simply connected. Therefore any symplectic circle action 
on M is Hamiltonian. 

It remains to prove Lemma [3.1| . 

Note that since the fixed points are all isolated, none of the weights 
on the normal bundles to the fixed points can be zero. Additionally, 
since the action is semifree, all these weights are ±1. 

Lemma 3.1. Let M 2n be a compact manifold equipped with a semifree 
circle action with isolated fixed points. Suppose M has an invariant 
almost- complex structure. Let N k denote the number of fixed points of 
the circle action with k negative weights. Then for all k with < k < n 

n\ 

N k = N 



k\{n-k)V 

Proof. Let P be a point, and let x be the generator of H'l 1 {P, Z). Let 
y E H 2 sl (M, Z) be the pull-back of x to M by the map p : M — > P. 
Consider the equivariant cohomology class 7 = \{ny — c\(TM)). 
For dimensional reasons, for any / with < / < n, 

7' = 0. 

1 M 

Applying the equivariant integration formula of Proposition |2TT] yields 

- =E 



l = 7 \F 



F 

where e(vp) is the equivariant Euler class of the tangent bundle at F 
and the sum is over all fixed points F . 

For every fixed point F, let kp be the number of negative weights of 
the circle action on the normal bundle vp. Applying Lemma |2.2| , we 
see that 

j\ F = k F x and e(u F ) = (-l) kF x n . 
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Thus for all I with < I < n, 

F 

Equivalently, for all / with < I < n, 

n 

(3.2) ^iV fc ^(-l) fe = 0. 

fc=0 

Define a n x (n + 1) dimensional matrix V whose entries are given 

by 

Vij = f 

for < % < n and < j < n. Since this matrix consists of the first n 
rows of a nonsingular (n + 1) x (n + 1) Vandermonde matrix, it has 
rank n. 

Let A be the column vector whose entries are = (—l) k Nk. Equa- 



tion 3.2 can be written matrix equation 

VA = 0. 

Up to multiplication by a constant, there is a unique solution to 
equation |3.2|. Moreover, the fixed point data of (P 1 )™ is a solution. □ 



Remark 3.3. Our methods generalize to the case of non-semifree cir- 
cle actions with finite non-empty fixed point sets and give constraints 
on the possible fixed point data of such actions. In the semifree case 
above these constraints eliminate all non-Hamiltonian examples. In 
the general case, some possibilities cannot be ruled out by our meth- 
ods. For example, we cannot rule out the existence of a symplectic 
six-manifold, equipped with a symplectic circle action which has two 
fixed points, with the action having weights (1, 1, —2) on the normal 
bundle to one fixed point and (—1,-1,2) on the normal bundle to the 
other. 

4. The cohomology ring: Proof of Theorem 2 

In this section we prove Theorem |2|. The method of proof again 
involves the equivariant fixed point formula (Proposition |2.1| ), but this 
time we apply the formula not only to the Chern classes of the manifold 
M but also to additional classes. To construct these classes we use the 
following theorems, which are proved using Morse theory. 

Theorem 4.1. (Frankel, Kirwan) Let a circle act on a a symplectic 
manifold M with moment map fi : M — > R. Then the moment map 
fx is a perfect Morse function on M (for both ordinary and equivariant 
cohomology). The critical points of fx are the fixed points of M, and 
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the index of a critical point F is precisely twice the number of negative 
weights of the circle action on TMp. 

Theorem 4.2. (Kirwan) Let a circle act on a a symplectic manifold 
M in a Hamiltonian fashion. Let i : M s — > M denote the natu- 
ral inclusion. The induced map i* : if (M 51 , Q) — > H^M, Q) is 
injective. 

More precisely, we need to take the following result from Kirwan's 
proof of Theorem [TT] and Theorem |4.2| ( |K]] , see also |[r\V| ) . For sim- 
plicity, we restrict our attention to the case of circle actions with iso- 
lated fixed points. 

Theorem 4.3. Let a circle act on a a symplectic manifold M in a 
Hamiltonian fashion with isolated fixed points. Let F be any fixed point 
of index 2k. Let wi, . . . ,Wk be the negative weights of the circle action 
on TMp. Then there exists a class ap G if|i(M, Z) such that ap\p = 

{—l) k x h Yli=i w i an d uf\f' — for all fixed points F' of index less than 
2k. Moreover, taken together over all fixed points, these classes are a 
basis for the cohomology H^i^M, Z) as a H*(BS 1 , Z) module. 

When the action is semi-free, there is a unique way to choose the 
class ap so that ap\pi = for all other fixed points F' of index less 
than or equal to 2k. 

The first step is to analyze these cohomology classes on (P l ) n . Our 
strategy will then be to show their counterparts on M mimic their 
behavior. Each fixed point in (P l ) n is on the north pole of some set 
of spheres, and on the south pole for all the other spheres. Thus, if we 
identify the spheres with the integers 1 through n, the fixed points q l k of 
index 2k are in one-to-one correspondence with subsets J C {1, . . . , n} 
with k elements. Consider two fixed points F and F', which correspond 
to subsets J and J' of {1, . . . , n}, with k and k' elements, respectively. 
Let ctp be the cohomology class associated to F as in Theorem [4.3| . 
Then it is easy to see that a.p\pi = x k if J C J', otherwise acp\p> = 0. 

We now study the cohomology group H^^M, Z). Denote by p\ the 
critical points of index 2k in M. By Theorem |4.3| , for each 1 < j < n, 
we can find a class aj such that 

aAj = x and 
Pi 

(4.4) aj\p = for all other critical points F of index or 1. 

In the remainder of this section, we will prove that these forms satisfy 
the following Proposition: 
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Proposition 4.5. Let J be a subset of {l,...,n} with k elements. 
There exists a unique fixed point F of index 2k such that a>j\F — x if 
and only if j £ J, and aj\p = otherwise. 

By identifying the fixed points of M with subsets of {1, . . . , n}, this 
Proposition gives an isomorphism between the fixed point set of M and 
the fixed point set of (P 1 )™. We claim that this map identifies the im- 
ages of i* : Hg! (M, Z) — ► H* S1 (M S \Z) and f : ^((P 1 )", Z) — > 
H* 1 (((P 1 ) n ) s ,Z), and also identifies the images of the equivariant 
Chern classes. 

First, this map sends the classes a, to the classes a, := a q i. More 
generally, let F be any fixed point of index 2kp, and let Jp be the cor- 
responding subset of {1, . . . , n}. The cohomology class of = Yljej F a j 
is the unique class which restricts to x k on F, and to on all other 
fixed points of index less than or equal to 2k f. Now for any other 
fixed point F' with an associated subset Jpi , ap\p> = x kp exactly if 
Jf C Jp', and otherwise ap\p> = 0. Since the same is true for the cup, 
this map also takes the classes ap to the classes otp. Since these classes 
form a basis for the cohomology as a H*(BS l ,'Z) module, this proves 
the first claim. 

Moreover, the restriction of an equivariant Chern class of any mani- 
fold to the fixed point set is the equivariant Chern class of the normal 
bundle to that fixed set. For isolated fixed points, this class is deter- 
mined by the weights of the circle action on the normal bundle. Since 
this map takes every fixed point in M to fixed point in (P 1 )™ with the 
same weights, it takes equivariant Chern classes to equivariant Chern 
classes. 

Thus, it remains to prove Proposition [4.5| . To do this we will repeat- 
edly use the following generalization of the technique used in the last 
section. 

Lemma 4.6. Let M be a compact symplectic manifold with a semi-free 
Hamiltonian circle action with isolated fixed points. Let d G H^[(M, Z) 
and 5 £ Hg L ((P 1 ) n ,Z) be equivariant cohomology classes of degree 21. 
If there exist I + 1 integers k with < k < n such that 

i i 

then for all integers k with < k < n, 

i i 

Here, the sum is always taken over all fixed points of index 2k. 
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Proof. For dimensional reasons, for all i with < i < n — /, 

d ■ y = o 



M 



On the other hand, applying the formula in Proposition [Li 
Thus, for all i with < i < n — I, 



(-l) k x n ' 

k=0 % v ' 



(4.7) J2J2(-v kd k kt = - 

k=0 i 

Define a matrix V which has n — I columns and n + 1 rows, and 
with entries given by V^~ l = j 1 , where < i < n and < j < n — I. 
The matrix V n ~ l consists of the first n — I rows of an (n + 1) X (n + 1) 
Vandermonde matrix. 

Define a column vector D by 

D k = (-l) k J2d\ Pl 

i 

for all < k < n, where the sum is taken over all fixed points of index 
2k. Then equation [O is equivalent to the matrix equation 



V n ~ l D = 0. 

Similarly, define a column vector A by = (— Yli^\q l k f° r a ^ ^ 
with < k < n, where the sum is taken over all fixed points of index 
2k. An argument identical to that given above shows that the vector 
A satisfies the matrix equation V n ~ l A = 0. 

Finally, by assumption, there are I + 1 integers < k < n such that 
Djc = A/;. The remaining entries of the difference D — A form an (n—l)- 
dimensional column vector which lies in the kernel of a nonsingular 
(n — I) x (n — /)-dimensional Vandermonde matrix. Thus D = A. □ 



Lemma 4.8. For any 1 < j < n and < k < n, 

E 



_ (n-l)\ 
a M ~ (k-l)\(n-k)\ X " 



where the sum is taken over all fixed points of index 2k. In particular, 
since there is only one fixed point of index 2n, 

(4.9) a j \ p i n =x. 
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Proof. We apply Lemma [L6| to the cohomology classes aj and atj. By 
construction, dj\ p i = and ^ a j\ P \ = a j\p> — x — a j\q\- This gives 
us the necessary agreement on two coordinates. □ 



Lemma 4.10. For any < j < n and < k < n, 

I ^2 _ (" ~ 2 
2-.^ a M> (k-l)\(n-k)\ X ' 

where the sum is taken over all fixed points of index 2k. 
Proof. We apply Lemma |Q| to the cohomology classes (a^) 2 and (a 



'J J OJ.J.U 

2 _ n _ („, I ^2 „„J /„ I \2 _ /„ I \2 



By construction, (oj| p i) = = (aj\ q i) and X]j( a .?'lpj 
x 2 = 5^j(«j|^) 2 Finally, by equation [Q| , (oj| p i) 2 = x 2 . This gives us 
the necessary agreement on three coordinates. □ 

Combining Lemmas [L8] and [4. 10| , we see: 

Lemma 4.11. The restriction a^p is equal to or x for all i and all 
fixed points F. 



In order to prove Proposition [4.5| , we will need to introduce some new 
cohomology classes, r Given a fixed point F of index 2k p, there exists 
a unique cohomology class bp such that &f|f = x n ~ kp , and b\F> = 
for all other fixed points F' whose index is greater than or equal to 
2k f. (The proof of this function is essentially identical to the proof of 
Theorem [4.3| , except in this case the Morse function is —fi.) 

Lemma 4.12. Let F be any fixed point of index 2kp, and let bp G 
Hoi F (M) be defined as above. Then aj\p x n ~ hF = bp\j x. 



'Pi 

)l\n 



Proof. Pick any fixed point F of index 2kp in (P ) n such that otj\ F 
aj\p, and let (3 F G HVji ^(((P 1 )"), Z) be the corresponding cohomology 
class. We apply Lemma pT6| to a r 6 F G H 2n ~ 2kF+2 (M, Z) and ay/3p. By 
construction, a, vanishes on the unique fixed point of index 0, whereas 
bp vanishes on all fixed points of index greater than kp. Thus 

i i 

for k = 0, or kp < k < n. Also, 

a j\pj • bp\ p i = aj\p ■ bp\F = aj\p = aj\ F 

i 

This gives the required agreement on n — kp + 2 coordinates. 
Therefore 
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and the result follows. 

□ 

Proposition [ITS] will follow from the two lemmas below. 

Lemma 4.13. For each fixed point F of index2kp, there exist precisely 
kp numbers j G {0, . . . n} such that {dj)p = x. 

Proof. Pick any fixed point F in (P 1 )™ of index 2k F . Let b F G H 2 ^~ kF \M) 

and (3 F G H^f 1 hF \(CF 1 ) n ) be the classes associated to F and F, re- 
spectively. We apply Lemma ^76] to b F and (5 p. By construction, both 
forms vanish on all points of index greater than 2k F , and the sum of 
each over points of index 2k p is xm — kp). This gives agreement on 
n — kp + 1 coordinates. 

Therefore ^2 i bp\ p i — kpx n ~ kp . Combining this with the previous 
lemmas, the result follows. □ 

Lemma 4.14. Let J C {1, ... ,n} be a subset with \J\ elements. There 
exists a unique fixed point F of index2\J\ so thata^p = x for all j G J. 

Proof We apply Lemma |4l] to a j = Yljej a j an d otj = Ylj^j a j- The 
restriction aj\p = for all critical points F of index less that 2\J\. By 
the previous lemma, the same is true for aj. Also, = = x' J L 
This gives the necessary agreement on | J\ + 1 coordinates. 

Therefore, Y^ a Ap i J = Yli° l j\q i J = X ' J '- ^ 

5. COHOMOLOGY RINGS OF REDUCED SPACES 

One corollary of Theorem 2 is that the cohomology of the reduced 
spaces can also be computed. Again the classical manifold invariants 
are given by the same formulas as in the case of (P 1 )" - . 

Corollary 1. Let M be a compact, connected symplectic manifold equipped 
with a semifree Hamiltonian circle action with isolated fixed points. De- 
note the moment map for the circle action by /i, and suppose is a 
regular value of the moment map. Then the cohomology ring of M re( j, 
the reduced space at zero, is given by 

H*(M ied ; Z) = Z[ai, . . . ,a n ,y]/R, 

where R is generated by the elements 

1. a^y — af for alii G (1, . . . , n), 

2. n ? eJ a ? f or °^ J c (!>••• ' n ) suc h ^ ia ^ M-^) > f or corre- 
sponding fixed point F, and 

3. Yij&j(y ~ a j) f or a M •/ C (1, . . . ,n) such that fi(F) < for the 
corresponding fixed point F. 
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The Chern series of the reduced space is given by 

c t = JJl+t(20i-y), 

i 

For the case that M = (P 1 ) 71 , the reduced space is a toric variety, 
and the result above was proved by Haussmann and Knutson ||HK 



For the general case, we use the following proposition from |jrW|| : 

Proposition 5.1. Let S l act on a compact symplectic manifold M 
with moment map fi : M — > R. Assume that is a regular value of 
the moment map. Let F denote the set of fixed points. Assume that 
for every prime p, one of the following two conditions is satisfied: 

1. The integral cohomology of F has no p-torsion, or: 

2. For every point m G M which is not fixed by the S 1 — action, there 
exists a subgroup of S 1 congruent to Z/p which acts freely on m. 

Define 

K + := {a G H* S1 (M;Z) | a\ F+ = 0}, where F + := F n _1 (O, oo); 

K_ := {a G H* s i(M;Z) | a\ F _ = 0}, where F_ := Fn0 -1 (-oo, 0); and 

K:=K + @K_. 
Then there is a short exact sequence: 

— > K — ► Hgi (M; Z) -5-> H*(M ved ; Z) — ► 0, 

where k : H%i(M} Z) — > H*(M Te &] Z) is the Kirwan map. 

Note the case of a manifold equipped with a semi-free circle action 
which has isolated fixed points is one where there is no torsion at all in 
the cohomology of the fixed point set, and where any Z/fc-subgroup of 
the circle acts freely outside fixed points. Hence both of the conditions 
in Proposition |5J] are satisfied. 



By another slight variation of Theorem |4l|, for each fixed point F of 
index 2k such that fi(F) > 0, there exists a cohomology class A F G K + 
such that Ap\p = x k and so that A f \f' — for all other fixed points 
F' such that the index of F' is less than or equal to k, Moreover, taken 
together over all fixed points, there classes are a basis for K + as a 
module. Because these classes are unique, it is clear that A F = Yljej a j> 
where J is the corresponding subset of {1, . . . , n}. 

Similarly, K_ is generated by cohomology classes of the form rij^jl^ - 
a,j) for all J C (1, • • • ,n) such that fJ,(F) < for the corresponding fixed 
point F. 
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